Define a finite simple group J to be of J4-type (or simply J4) provided that J contains an involution z with CJ (z) ∼ 2
Introduction
Initial evidence for the existence of groups of J 4 -type was given by Z. Janko in [10] . He has shown that the order o(J 4 Their construction is outlined in [13] , discussed in more detail in [3] and depends on the use of a computer. In [12] , W. Lempken gave explicit generators for J 4 as a subgroup of GL 1333 (11) . The proof that the group generated is in fact J 4 relies on its existence.
Definition 1.1 Let I be a set of size n. A (finite) amalgam of rank n ( over I) is a tuple (A; M i , i ∈ I; * i , i ∈ I) where A is a finite set, M i is subset of A and * i is binary operation defined on M i so that the following conditions hold: (i) (M i , * i ) is a group for every i ∈ I;
(ii) A = ∪ i∈I M i ;
(iv) if x, y ∈ M i ∩ M j for i, j ∈ I then x * i y = x * j y.
We will write (M i | i ∈ I) for the amalgam A as above (since A = ∪ i∈I M i , there is no need to refer to A explicitly). Whenever x and y are in the same M i there product x * i y is defined and it is independent of the choice of i. We will normally write this product simply by xy. Since B := ∩ i∈I M i is non-empty, one can easily see that B contains the identity element of (M i , * i ) for every i ∈ I. Moreover, these identity elements must be equal. The reader may notice that a more common definition of amalgams in terms of morphisms is essentially equivalent to the above one. For J ⊆ I we put M J = ∩ i∈J M i . We will write, for instance M ijk instead of M {i,j,k} and consider M ij as a subgroup in M i and M ji as a subgroup of M j . An amalgam of rank 3 will also be called a triangle of groups. The isomorphism of amalgams is defined in the obvious way. Let (M, * ) be a group, {M i | i ∈ I} be a family of subgroups in M and * i be the restriction of * to M i . Then (M i | i ∈ I) is an amalgam. This is the most important example of amalgam but it is not difficult to construct an amalgam which is not isomorphic to a family of subgroups in a group.
Definition 1.2 A group M is said to be a completion of an amalgam (M i | i ∈ I) if there is a mapping ϕ of ∪ i∈I M i into M such that (i) M is generated by the image of ϕ;
(ii) for every i ∈ I the restriction of ϕ to M i is a group homomorphism with respect to * i and the group operation in M .
If ϕ is injective then the completion M is said to be faithful. It was shown in [10] (cf. Theorem A (4), (6) , (9) ) that every group of J 4 -type is a faithful completion of a J 4 -triangle of groups. This and the existence of the complex character of degree 1333 serve as motivation for our construction of J 4 . The principal steps are as follows:
Step 1: Show that there exists a J 4 -triangle of groups.
Step 2: Show that GL 1333 (C) contains a faithful completion of a J 4 -triangle of groups.
Step 3: Show that any faithful completion of a J 4 -triangle of groups is a group of J 4 -type.
Steps 1 and 2 are realized in Lemma 5.9 and Theorem 7.1, respectively.
Step 3 was done in [2] (as the main step in the uniqueness proof for J 4 ) and independently in [8] . Both these proofs were achieved by establishing the simple connectedness of the 2-local geometry of J 4 ; hence rely on the existence of J 4 and do not suit our purposes. In order to establish the existence of J 4 we need to carry out Step 3 without assuming that J 4 exists. In this form Step 3 is realized in Section 8 (cf. Theorem 8.26 ) and the proof is necessarily more complicated than the proofs in [2] and [8] . In particular our proof uses extremely detailed information about the 2-local geometries of M at 24 and M at 22 .
Although we do not need the uniqueness of J 4 to establish its existence, we include a uniqueness proof since it can be achieved with only little extra effort. Namely, we prove in Lemma 5.7 that any two J 4 -triangles are isomorphic and within the realization of Step 3 (cf. Theorem 8.26) we show that every faithful completion of a J 4 -triangle is finite and that its order is equal to o(J 4 ). Since every completion of an amalgam is a quotient of the universal completion, this immediately implies that the unique J 4 -triangle of groups has a unique faithful completion, namely the universal one.
Preliminaries
Our notation concerning groups is mostly standard. The symmetric, alternating and Mathieu group of degree n are denoted by Sym(n), Alt(n) for the extraspecial group of order 2 1+2n and of type ε ∈ {+, −}. Throughout the paper 3 · Alt (6) denotes the non-split extension of Alt (6) by a centre of order 3 and 3 · Sym (6) stands for the extension of 3 · Alt (6) by an outer automorphism which induces a transposition on the Alt(6)-quotient. Given a subgroup H in a group G we denote by G/H the set of right cosets of H in G.
Definition 2.1 Let G be a group, K ¢ G,Ḡ = G/K and V a GF (2)G-module of dimension n with kernel K. Then
(ii) ifḠ ∼ = Ω n (2) and G fixes a non-degenerate quadratic form of plus type on V then V is called a natural Ω + n (2)-module for G;
(iii) ifḠ ∼ = Sym(5), n = 4 and G preserves a GF (4)-structure on V , then V is called a natural ΓL 2 (4)-module for G;
(iv) ifḠ ∼ = 3 · Alt(6) and n = 6, then V is called a hexacode module for G.
The module dual to V will be denoted by V * . (ii) a path of type n 1 − n 2 − . . . − n k is a tuple (a 1 , a 2 (iv) let Λ ⊆ Γ and a 1 , a 2 , . . . , a n ∈ Γ, then Λ(a 1 a 2 . . . a n ) = {b ∈ Λ | b is adjacent to a i for all 1 ≤ i ≤ n}. 
Notation 2.2 Let (M i | i ∈ I) be an amalgam. Then for i, j ∈ I we put
We remark that if b, c are adjacent in Γ * (a) then they are also adjacent in Γ(a). Furthermore,
Lemma 2.5 Let Γ be as in 2.4. 
(
ii) Γ is geometric if and only if M acts transitively on each set of flags of size three of a given type, that is if and only if all flags {a
Proof. (i) Clearly (a) implies (b). To show that (b) implies (c) we assume without loss that (ii) By the remark preceding this lemma, Γ is geometric if and only if (a) holds. P Throughout the paper we will refer to the following easy principle concerning a set of size five.
Lemma 2.6 Let Γ 1 be a 5-element set and Γ 2 be the set of 2-element subsets in Γ 1 . Let Γ be the bipartite graph on Γ 1 ∪ Γ 2 where a ∈ Γ 1 is adjacent to b ∈ Γ 2 if and only if a is not contained in b.
Then every c ∈ Γ 1 \ {a} is adjacent to exactly one of b and R a (b). (4)) and C 2 × Sym(4). Thus we have described the orbits of R on 1-and 2-spaces in V and also on the incident pairs of such subspaces. This immediately gives us all the orbits of M 1 , M 3 and B on H(s) and the corresponding stabilizers. That the lengths of the orbits are as given in (iii) is now a trivial computation.
(iv) Let H correspond to (W, s). Then V 3 ≤ W and V 3 is singular with respect to s. Notice that (6) . Now (iv) is readily verified.
(v) There is one 2-space equal to V 3 , 42 = 3 · 14 2-spaces intersecting V 3 in a 1-space and 112 = 7 · 16 2-spaces which intersect V 3 trivially. Since some 2-spaces in the orbit of length 42 contain V 1 while others do not, B does not act transitively on the M 3 -orbit of length 42. P
M at 24
We assume that the reader is familiar with the basic properties of the unique Steiner system S of type (5, 8, 24 ) (see for instance [1] or [9] ). Let Ω be the set of size 24 underlying S and let Γ 2 denote the block set of S. This means that Γ 2 is a collection of 8-element subsets of Ω called octads such that every 5-element subset of Ω is in a unique octad. In particular |Γ 2 | = ( 
Let Γ 3 denote the set of trios, let Γ 4 denote the set of sextets and let Γ = Γ 2 ∪ Γ 3 ∪ Γ 4 . Define a graph on Γ as follows: a trio is adjacent to an octad if it contains the octad; a sextet is adjacent to an octad if the octad is the union of two of the tetrads in the sextet; and a sextet is adjacent to a trio if it is adjacent to all of the three octads in the trio.
Throughout this section M will stand for the automorphism group of S which is the Mathieu group M at 24 of degree 24. Let α, β and γ be pairwise adjacent octad, trio and sextet respectively, i.e. a maximal flag in Γ. If γ = {T 1 , T 2 , ..., T 6 } we can put α = T 1 ∪T 2 and 4 ) is a triangle of groups and M is a faithful completion of this triangle. Since M is flag transitive on Γ, Γ ∼ = Γ(M ; M 2 , M 3 , M 4 ). We have chosen the index set {2, 3, 4} rather then {1, 2, 3} since M 2 , M 3 , M 4 will correspond to M 12 , M 13 and M 14 in later sections.
We will need the following information on classes of elements in M of order 2 and 3 which can be deduced either from Section 21 in [1] together with the permutational characters of M on Γ 2 , Γ 3 and Γ 4 given in [5] or from Sections 2.12 -2.14 in [9] . ( 
, y commutes with a 2b-involution, acts fixed-points freely on the set of octads and fixes 15 trios and 7 sextets. P
The basic properties of the triangle (M 2 , M 3 , M 4 ) and of its completion M are given in the following lemma (cf. Section 19 in [1] or Section 2.10 in [9] ).
on the elements in α and as the doubly transitive affine group AGL 4 (2) on the elements outside α, in particular M 2 splits over Q 2 . 
As a direct corollary of 3.2 we have the following. (a) P is the normalizer of a subflag in F.
Proof. (ii) follows from [6] , (i) follows from (ii) while (iii) follows from the structure of M 2 , M 3 and M 4 as given in 3.2 (compare [15] ). P
In subsequent sections we will need detailed information about the graph Γ and the action of M on this graph. For this purpose for every i ∈ {2, 3, 4} we describe the orbits of M i on the vertex set of Γ and for any two such orbits A and B we calculate the number n i (A, B) of vertices in B adjacent in Γ to a given vertex a ∈ A and finally determine how these vertices split into orbits under the stabilizer of a in When such a number is presented as a sum this indicates that there is more than one orbit of M i ∩ M a (where a ∈ A) on the vertices in B adjacent to a. Moreover the summands give the lengths of these orbits. The complete proof of the diagrams (originally given in the early version of the present work) can be found in Section 3.7 of [9] . 
We will need the following refinement of the information given on the diagram D 3 (M at 24 ). 6 (namely Q β and Q b ) intersecting in a group of order 2 (namely K). But this contradicts to the structure of C M (K) given by 3.1 (i) -(iii). P Let P be the GF (2)-permutation module of M on Ω, that is the space of all the subsets of Ω with addition performed by the symmetric difference operator. The octads from Γ 2 generate in P a 12-dimensional subspace Y 0 known as the Golay code. The Golay code consists of: the empty set, the set Ω itself, 759 octads, 759 complements of octads and 2576 dodecads. The latter are 12-element subsets of Ω transitively permuted by M . The stabilizer of a dodecad is the Mathieu group M at 12 of degree 12 and it induces two non-equivalent 5-fold transitive actions on the dodecad and on its complement, which is also a dodecad. The setwise stabilizer of a pair of complementary dodecads is isomorphic to Aut M at 12 . The empty set together with the whole set Ω constitute the unique proper M -submodule in Y 0 . The quotient Y of Y 0 over this submodule is called the irreducible Golay code module (of dimension 11). Let P + denote the subspace in P of even subsets of Ω. Then Y 0 ≤ P + and X = P + /Y 0 is the module dual to Y which is called the irreducible Todd module (of dimension 11). The following information can be found for instance in [1, 19.8] . (ii) 
is the unique composition series for M i on X;
Proof. The irreducible Todd module is dual to the irreducible Golay code module. Hence the result can be obtained by dualizing some of the information found in Sections 19 and 20 of [1] . P Let D be the set of dodecads and H be the set of complementary pairs of dodecads. 12 and N (h) ∼ = M at 12 is the subgroup of index 2 in N (h) which preserves each of the dodecads constituting h. We are interested in the orbits on H of M 2 , M 3 and M 23 . 
Proof. [1, 19.6 ] P Lemma 3.9 Let N ∼ = Aut M at 12 and N 2 , N 3 and N 23 subgroups of N such that 
Proof. (i) The lengths of the orbits of M 2 on H follow directly from 3.8. Observe also that
fixes the two dodecads forming h) if and only if h ∈ H 2 (2).
Let ∆ be the octad graph, that is a graph on Γ 2 in which two octads are adjacent if they are disjoint. For a vertex x of ∆ let ∆ i (x) denote the set of vertices which are at distance i from x in ∆. It is well known and also easily seen from the diagram D 2 (M at 24 ) that
and that
By 3.6 we can and will identify ∆∪H with the set of non-zero vectors in the irreducible Golay code module Y . Let e ∈ ∆ 3 (α). Then as α and e intersect in 2 elements, the symmetric difference of α and e is a dodecad intersecting α in 6 elements. Thus α+e ∈ H 2 (2) and since |∆ 3 (α)| = |H 2 (2)| = 448, we have a one-to-one correspondence between H 2 (2) and
. Thus M 23 acts transitively on ∆ 3 (α) and hence also on
7 · 3 and the intersections of α with the dodecads in h form a partition of α into two sets of sizes 4. Thus
. Thus the orbits of Q α on H 1 (2) are in one-to-one correspondence with the pairs (U 1 , U 2 ), where U i is a i-space in Q α and U 1 ≤ U 2 . This immediately implies that M αβ has three orbits H 1 , H 2 and H 3 on H 1 (2) corresponding to the following three possibilities:
Let L be the elementwise stabilizer in M of the octads in ∆(β). Then L is of index 2 in M 23 and normal of index 6 in M 3 . Hence each of the following holds ( for the last statement note that M = M 2 , M 3 acts transitively on H):
• For every i, L either acts transitively on H i or has two orbits of the same length.
• Every M 3 -orbit in H is the union of l of the orbits of equal lengths for L in H where l ∈ {1, 2, 3, 6}.
• There exists an M 3 -orbit on H which has non-empty intersecting with both H 1 (2) and H 2 (2).
It is easy to check that these three conditions uniquely determine the fusion of the M 23 -orbits into M 3 -orbits.
(ii) and (iii):
| is odd and so the first statement in (ii) holds. (iii) follows from a similar argument. By (i) we can apply 3.9 and so also the second part of (ii) holds. P By [7] M has a 45-dimensional irreducible module V over the field C of complex numbers. Let χ be the corresponding character. Define
for any hyperplane of Q 3 not containing any of the three conjugates of
Proof. (i) The value for χ(z) is taken directly from the character table of M at 24 in [7] . Since dim 
In particular H is unique up to conjugation. Suppose that
Then it is easy to see that z lies in exactly 7 + 3 + 3 = 13 of the elements of
a contradiction to (i). Thus |H
M3 | = 42 and the lemma is proved. P
Lemma 3.12 (i) M 2 acts irreducibly on V and as
(ii) V 1 (3) and V 2 (3) are irreducible M 3 -modules of dimension 3 and 42, respectively, and stay irreducible when restricted to
) and so the second statement in (a) holds. Moreover, M 2 is irreducible on V if and only if M 23 is irreducible on V 1 (3). Since
) acts transitively on the 42 hyperplanes in Q 3 which have fixed-points in V 2 (3), L acts irreducibly on V 2 (3). Suppose that L does not act irreducibly on V 1 (3). Since V 1 (3) has odd dimension and |M 23 /L| = 2 we conclude that M 23 does not act irreducibly on V 1 (3). Thus M 23 has a 1-or 2-dimension submodule in V 1 (3) and M 2 has a 15-or 30-dimensional submodule in V . But this contradicts the fact that V 2 (3) is a 42-dimensional irreducible L-module. Hence L is irreducible on V 1 (3) and (i) and (ii) are proved.
To
. But in the later case M 3 is not irreducible on V 1 (3). The second statement in (iii) holds since Q 3 is the unique minimal normal subgroup of M 3 and does not centralize
Then the following assertions hold.
Proof. Since M 3 has a unique class of subgroups of index 5, 23 has an orbit of length 3 on the cosets of
Since B = T 12 T 23 , the last statement in (i) holds and the proof is complete. P
We remark that a similar lemma holds for Aut M at 22 -triangles. Indeed the only changes necessary are that in part (iv), Sym(4) has to be replaced by Sym(2) × Sym(4) and in part (v),Q 2 ∩Q 3 has order 8 and not 4.
As in the previous section let S be the Steiner system of type (5, 8, 24 ) and let p, q be a pair of elements from the basic set Ω. In this section M andM will denote the elementwise and the setwise stabilizers of {p, q} in the automorphism group M at 24 of S, respectively. This means that M is the Mathieu group M at 22 of degree 22 with |M | = 2
Let γ be a sextet T 1 , T 2 , ..., T 6 in S such that p and q are in the same tetrad (say in T 1 ). Let α and β be disjoint octads adjacent to γ such that {p, q} ⊆ α (say α = T 1 ∪ T 2 and β = T 3 ∪ T 4 ). Let M α , M β and M γ be the stabilizers in M of α, β and γ, respectively. Similarly defineM α ,M β and M γ . The following lemma can be deduced directly from 3.2 (cf. Section 3.4 in [9] ).
It is easy to deduce from the main result in [16] that every Aut M at 22 -triangle with a faithful completion is isomorphic to (M α ,M β ,M γ ) and thatM is the unique completion of the triangle. In order to explain the deduction we need some definitions.
Recall that the Petersen graph has 2-element subsets of a fixed 5-set as vertices and two subsets are adjacent if they are disjoint. The Petersen graph has 10 vertices, 15 edges and Sym (5) 
Then it is easy to check using the information in 4.2 that Γ is a rank 3 Petersen type geometry on which N acts flag-transitively. By 4.5 and since
(ii) is proved similarly. P
) possesses a natural description in terms of the Steiner system S and a pair p, q of distinguished elements from the basic set Ω. Namely, Γ 1 are the hexads which are octads containing {p, q} with p and q removed; Γ 2 are the octets which are the octads disjoint from {p, q} and Γ 3 are the pairs which are 2-element subsets of Ω \ {p, q}. A hexad and an octet are adjacent if they are disjoint; the adjacency between the hexads and pairs is via inclusion, finally an octet is adjacent to a pair {r, s} if it is the union of two tetrads from the sextet containing {p, q, r, s}. Below we present the diagrams D i (M at 22 ) describing the orbits of M i on Γ and the adjacencies between the vertices in these orbits. These diagrams are analogous to the diagrams D i (M at 24 ). The proofs of the diagrams can be found in Section 3.9 in [9] . e e e e e e e e r r r r r r r r r r r r r r r r 
We need some further refinement of the information given on the above diagrams. 
(ii)Q γ act regularly on Γ 1 (32, 3).
Proof. Note that any subgroup of index 32 inM γ is isomorphic Sym(5) and so in particular M γa ∼ = Sym(5) andQ γ acts regularly on Γ 1 (32, 3). Thus the lemma follows directly from the diagram D 3 (M at 22 ) and elementary properties of the 4-dimensional symplectic GF (2)-geometry. P
Proof. By D 3 (M at 22 ), γ ∪ c is not contained in a hexad. In particular γ and c are disjoint. Thus there exists exactly two hexads a 1 and a 2 such that c ⊂ a i and γ ∩ a i =Ø. ThusM γc normalizes a subset of size two of the five hexads adjacent to c.
Then t normalizes a i and fixes γ ∩ a i for i = 1, 2 and also fixes the two elements in c. Thus t fixes three elements in a 1 . Since M a1 /Q a1 ∼ = Alt(6), t does not induce a 2-cycle on a 1 and thus fixes a 1 elementwise. Since t also fixes the point a 2 ∩ γ outside of a 1 we conclude t = 1 and
and |M γc | = 24, the lemma is established. P
J 4 -triangles
In this section we establish the existence and uniqueness of a J 4 -triangle of groups. We follow notation from Section 1. 
(iii) there is an octad α and a trio β containing α such that
in particular,
Proof. Since |M 3 /M 13 | = 5 and M 3 has a unique class of subgroups of index 5, we can put We already proved that
, the only proper subspace in Q 2 normalized by M 12 has dimension 4 in the former case and dimension 6 in the latter case. Since Q 1 ∩ Q 2 is a 6-space (vi) follows.
Let
Moreover, all composition factors for L on Q 3 /Z 3 are dual to Z 3 and the elements of order three in
Thus M 3 acts irreducible on Q 3 /Z 3 and (vii) holds. Put Q = ABZ. By 2.7 all complements to Q/Z in X/Z are conjugate in X/Z and ZR has two classes of complements to Z. Thus X has two classes of complements to Q and it follows easily from (a) that there exists an automorphism of X interchanging these two classes. Let α be an automorphism of X normalizing R. Since the module for R dual to A is not involved in Q, α induces an inner automorphism on R. So we may assume that α centralizes R.
Let C/Z be the unique irreducible R-submodule in Q/Z different from AZ/Z and BZ/Z. We claim that R does not normalize a complement to Z in C. 
Lemma 5.3 Let
X i = Z i A i B i R i the group introduced in 5.2, then (i) there is an isomorphism of M • 21 onto X i which sends K • 21 onto A i R i ; (ii) there is an isomorphism of M • 12 onto X i which sends K • 12 onto A i R i .
Proof. By 2.8 and the obvious duality there is an orbit H(2)
* of L 5 (2) on the set of vectors in Q
and A 2 is the kernel of the action of K • 21 on the set of subspaces in V (2) containing V 2 (1). This means that A 2 is dual to U and the latter is canonically isomorphic to V (2)/V 1 (2). The elements from H(2) * corresponding to 3-spaces containing V 1 (2) are centralized by A 2 and by a standard property of exterior squares they generate an R 2 -submodule Z 21 in Q 
Proof. By 5.3 there is an isomorphism of M Notice that at this stage we do not know whether or not a J 4 -triangle of groups exists but we do know that the rank two amalgam (M
Let β be a trio containing the octad α. Put M
vi) the isomorphism κ in 5.5 can be chosen in such a way that κ(Y
Proof. Let L be the kernel of the action of M • 13 on the three octads in β. 
• has a chief factor isomorphic to C 2 , a contradiction to (i). Thus V 3 (2) is a 2-space and (2)) and since the latter is maximal in M • 2 it must be equal to M
• is not normal in M 
We are ready to prove the uniqueness statement for J 4 -triangles. M 2 ) as in 5.5, satisfying the condition in 5.6 (vi). Since M 3 is generated by the subgroups M 31 , M 32 there is a mapping of (M
Lemma 5.7 Every J 4 -triangle of groups is isomorphic to the triangle
coincides with κ and whose restriction to M • 3 is a homomorphism χ onto M 3 . Thus the isomorphism type of (M 1 , M 2 , M 3 ) is uniquely determined by the kernel N of χ. We claim that
. On the other hand by 5.6 (v) and since
. Thus the claim follows and implies the result. P For the remainder of the section we identify (
. In order to prove the existence we have to show that this is in fact a J 4 -triangle of groups. For this we have to show that M 3 /L ∼ = Sym (5) . By the definition M 3 is the subgroup in Aut L generated by M 13 and M 23 (identified with their isomorphic images in Aut L). We need the following preliminary result.
Lemma 5.8 Let S be the symmetric group Sym(6) of degree 6. Let H 1 and H 2 be subgroups in S with
Proof. Let A 1 and A 2 be representatives of the conjugacy classes of Sym(5) subgroups in S.
Put Ω i = S/A i , i = 1, 2. We choose representatives k 1 , k 2 and k 3 of the conjugacy classes of involutions in S so that k i acts as a transposition on Ω i for i = 1, 2 and k 3 ∈ S ∼ = Alt (6) .
There are two conjugacy classes of Sym(4) subgroups in S not contained in S . We choose representatives B 1 and B 2 of these classes so that B i is the elementwise stabilizer in S of a pair of cosets from Ω i , or equivalently, that B i contains a conjugate of k i , i = 1, 2. Applying the symmetry with respect to the full automorphism group of S, we assume that the central involution in H 2 is k 1 . Then H 2 acting on Ω 1 fixes a coset, say α and H 1 ∩ H 2 fixes two such cosets, say α and β. Since H 1 contains k 1 , it is a conjugate of B 1 and hence fixes two cosets from Ω 1 . Clearly these cosets must be α and β. This means that H 1 , H 2 fixes α and obviously it is the whole stabilizer of α in S, isomorphic to Sym (5) . P Lemma 5.9 Let M 3 be the subgroup of Aut L generated by M 13 and
Proof. We will use the information about M 13 and M 23 obtained in 5.6 without further reference. Let U be a complement to Q 3 in L and S a Sylow 7-subgroup of U . Since Z 3 is a natural module for L, M 3 induces only inner automorphism on L/Q 3 and so
is a GF (2)S-homomorphism. Since Q 3 /Z 3 is the direct sum of four L 3 (2)-modules dual to Z 3 , none of the S-composition factors in Q 3 /Z 3 are isomorphic to Z 3 . Hence the image of ξ is the identity and E centralizes Q 3 . In particular, [U, E] ≤ C L (Q 3 ) = Z 3 , E normalizes Z 3 U and E acts faithfully on Z 3 U . By 2.7 Z 3 U has two classes of complements and so |E| ≤ 2 and |C/Q 3 | ≤ 2.
Put
Thus there exists a faithful four dimensional GF (2)D-module R so that as D-module Q 3 /Z 3 is isomorphic to the direct sum of three copies of R.
is the only M 13 -invariant subgroup between Z 3 and Q 3 . Similarly, Q 2 is uniserial as GF (2)M 23 -module and Q 2 ∩ Q 3 is the only M 23 -invariant subgroup between Z 3 and Q 3 . In addition Q 2 ∩ Q 3 has index 2 in Q 2 and
We claim thatD preserves on R a non-degenerate symplectic form. Notice that Q 3 is non-abelian and D centralizes Q 3 = Z 3 . Let X ≤ Z 3 with |X| = 4 and Q 3 ≤ X. Let Y be maximal in Q 3 with respect to the condition [
Hence by linear algebra, Q 3 /K is isomorphic to the dual of W/Y and so irreducible. On the other hand all composition factors of D in Q 3 /Z 3 are isomorphic to R. Hence φ induces a D-invariant non-degenerate bilinear map
It remains to show that we can choose ψ to be a symplectic form. Define ψ * (x, y) = ψ(x, y) + ψ(y, x). Then clearly ψ * (x, y) is symmetric and ψ * (x, x) = 0. As D acts irreducibly on R, either ψ * (x, y) = 0 for every x, y ∈ R or ψ * is non-degenerate D-invariant symplectic form. Suppose that ψ * is trivial. In this case ψ is symmetric. In particular, {r ∈ R | ψ(r, r) = 0} forms a D-invariant subspace of index at most 2 in R. As R is irreducible we conclude that ψ(r, r) = 0 for all r ∈ R and so ψ is a symplectic form and the claim follows. ThusD is a subgroup in Sp 4 (2) ∼ = Sym(6) generated byD 1 
Notice that M 3 /C = DL/C, and |M 3 /M 13 C| = 5. Since M 13 /L ∼ = Sym(4) does not contain normal subgroups of order 2, M 13 ∩ C ≤ Q 3 and hence M 13 /Q 3 is a complement to C/Q 3 in
and the lemma is proved. P Thus up to isomorphism there exists a unique J 4 -triangle of groups.
Amalgams of Modules
In this section we prove a number of results to be used in the next section where a J 4 -triangle of groups will be constructed inside GL 1333 (C). The following lemma is of crucial importance.
triangle of groups, H be a group and A be a subgroup of Aut H.
Suppose that for all 1 ≤ i ≤ 3, there exist homomorphisms α i : M i → H and elements a i ∈ A such that
The following two statements are equivalent:
(iii) Assume that (a1) holds and that each
Proof. Replacing α 2 by α 2 a 3 , α 3 by α 3 a −1 2 and a 1 by a 2 a 1 a 3 we may assume that a 2 = a 3 = 1.
, for all i, we see that (a1) is equivalent to :
Now (2) is obviously equivalent to (a2).
( 
(iii) At least one of W and U KH KG is irreducible as a KG-module.
Proof. By (i) and the universality property of induced modules, there exists a non-zero KHhomomorphism Φ : U KH KG → W . By (iii) Φ is onto (in the first case) or one-to-one (in the second case). By (ii) dim K W = m · dim K U = dim K U KH KG and so Φ is an isomorphism. P Fundamental to our construction of a J 4 -triangle inside GL 1333 (C) is the concept of "amalgam of modules". Amalgams of modules are a special case of sheaves ( see for example [14] ) and can be discussed in broad generality, but we will restrict ourselves to what is needed in this paper.
Definition 6.3 Let H be a group and H 1 and H 2 subgroups of H with
H = H 1 , H 2 . Put H 0 = H 1 ∩ H 2 and let K be a field. (i) An amalgam of K-modules for H 1 ← H 0 → H 2 is a tuple (W 0 , W 1 , W 2 , φ 1 , φ 2 ), where W i is a KH i -module, 0 ≤ i ≤ 2 and φ i : W 0 → W i is a KH 0 -monomorphism, 1 ≤ i ≤ 2
. Such an amalgam of modules is denoted by
, where W is a KHmodule and, for
Let W be as in part (ii) of the above definition. In abuse of notation, we will refer to W itself as a completion of the amalgam of modules.
We following elementary lemma is at the heart of the construction of J 4 .
Assume that each of the following three statements holds: Proof. Let 0 ≤ i ≤ 2 and put X i = C Wi (A). Then from (1) and (2), X i is a Wedderburn component for Q on W i and so
is an arbitrary J 4 -triangle of groups and C is the field of complex numbers. Our goal is to define a J 4 -triangle inside GL 1333 (C).
The following notations will be used throughout this section.
In what follows X t (i) will always denote an CM i -module, Y t (ij) an CM ij -module and Z t an CB-module. If G is a group, H ≤ G, U is an CH-module and W is an CG-module we write U → W or W ← U provided that U is isomorphic to a CH-submodule of W . (We remark that in all cases below the CH-submodule of W isomorphic to U will be unique).
Let X 1 (1) be an irreducible 45-dimensional CM 1 /Q 1 -module given by [7] regarded as an CM 1 -module. Then clearly (1) X 1 (1) is irreducible of dimension 45 and C M1 (X 1 (1)) = Q 1 .
The next three statements follow from 3.12.
(3) Restricted to M 13 , X 1 (1) is the direct sum of irreducible CM 13 -modules Y 1 (13) and Y 2 (13), of dimension 3 and 42, respectively. Moreover, (Y i (13) ). Then Z 1 and Z 2 are irreducible of dimension 3 and 42, respectively. Moreover, restricted to B, Y 1 (12) is isomorphic to Z 1 ⊕ Z 2 .
Let A/Q 3 be the subgroup isomorphic to Alt (5) 
) and so by (3), A ∩ M 13 centralizes Y 1 (13) . Moreover, M 3 = AM 13 and thus there exists an CM 3 -module X 1 (3) such that
By (4) and (5) 
is 465-dimensional and is as an CM 12 -module isomorphic to the direct sum of Y 1 (12) and a 420 dimensional CM 12 -module Y 2 (12).
We remark that X 1 (2) and Y 2 (12) are irreducible. With some effort this could be proved directly at this stage, but we prefer to prove this later on ( see (17) and (29)) in shorter but indirect way.
Put X 2 (3) = I 3 (Y 2 (13)). By 3.12 the restriction of Y 2 (13) to L is an irreducible module U . Hence X 2 (3) restricted to L is the sum of five irreducible CL-modules Note that by definition (see (4) ), Z 2 is isomorphic to Y 2 (13) as an CB-module, by (3) Y 2 (13) → X 1 (1), and by definition (see (2) ) Y 1 (12) is isomorphic to X 1 (1) as an CM 12 -module. Moreover, by (7) Y 1 (12) → X 1 (2). Hence as CB-modules
Hence by (12) 
, the universal property of induced representations implies that there exists a non-zero (12) and Z 3 is irreducible, by (7) we get Z 3 → Y 2 (12). We record: 8 and has orbits of length 1 and 4 on M 3 /M 13 . In particular,B interchanges the two orbits of length 2 for B on M 3 /M 13 . Thus (8) - (12) (13) . Hence the universal property of induced modules implies the first part of the following statement (the second part is still to be proved):
Our nearest goal is to invoke 6.4 to find a faithful M 1 -completion for the amalgam X ← Y → Y 3 (13) of C-modules forM 12 ←B → M 13 . We start by proving the second part of (15) which is equivalent to the claim that Q 1 ∩ Q 2 acts fixed-point freely on Y 2 (12) and immediately implies that Q 1 = Q 1 ∩ M 2 , t acts fixed-point freely on Y . For this notice that by 5.1 (vi) Q 3 ∩ Q 2 is a hyperplane in Q 2 . Furthermore, by definition (see (6) 
The hyperplanes in Q 2 are described in 2.8. Suppose that A corresponds to a 2-space in V (2 
is irreducible of dimension 868, the Wedderburn components for Q 2 on X 2 (2) are 1-dimensional and the action of M 2 /Q 2 on these Wedderburn components is isomorphic to the action of M 2 /Q 2 on H(s).
In particular, 2.8 (iii) yields the following three statements: 
Since L is normal in M 3 we conclude from the definition of X 3 (3) that X 3 (3) is the direct sum of ten irreducible CL-modules of dimension 112. Suppose these ten irreducibles are pairwise isomorphic. As Y 4 (13) has dimension 6 · 112, we conclude from (25) that Y 4 (13) is the direct sum of six isomorphic irreducible CL-submodules. Let H be a hyperplane in Q 1 ∩ Q 3 with C Y4 (13) (7) and (28) we get
By (2), (3) and (4),
and by (12) Y 2 (23) ∼ = Z 2 Z 3 as CB-modules. Hence using (7) and (28) (7), (22) and (37) imply: (12) are isomorphic as CM 12 -modules.
We are now able to construct a completion of the J 4 -triangle in GL 1333 (C). Let {i, j, k} = {1, 2, 3}. Then by (32), (35) and (38) X(i) and X(j) are isomorphic as CM ij -modules. Let X be a 1333-dimensional vector space over C. Then there exist monomorphisms α i : M i → GL(X), 1 ≤ i ≤ 3, and inner automorphisms a i of GL(X) such that Throughout this section we will often use 5.1 and 8.2 without further reference. (ii) is proved similar to (i). (ii) M a acts transitively on X 1 (a) and (Γ 1 , ∼) is connected. 
